
&S1.1 Vector Valued Functions
0

(Newton's Theory & Kepler's Caws)
F(t) =x(t i +y(t) i +z (t) k

· Eg. Needed for vector version of

Newton's Force law

F =ma

· Main Point: A gives osition
F =v'Lt) =x (t) +y(t) 1 +2(t) k

&

a =F "(t) =x
*(t) i +y"(t) 1 +z"tt k

v =velocity,acceleration (rectors of
· To talk about derivatives we
have to talk about limits

--



·ture: FLA =(X (t), g(t), 2(t))
②

=position vector

1
· (x,1,2)

"points to position"z

r(t) A Conve

↓

!" z (t) or

y(t)
> y Trajectory

nzio-- >X

N

->

z =(,0,0),E =(0,0),m =(0,0,1

TS: F(t) =(X (t), J(t), z(t)]
->

or:FLH =x (* (,0,01 +y(t) (0) +z()(,0,1)

= X(t) i +y (t) + Z (t) B



· What we want to see: ③

① E(H =E'(t) points fangent to cove

Y(t) =x(t) = +y (t) i +z (t) k
↓S at time t

② IV(A1) =speed at
15(t1 =YC+Z'CA

③ a(t) =v(t) =v "(t)

a(t) =x"(t) i +y"(t)1
+z"(t)

m

↓
This is what you put into

F =ma



· Basic Example:Uniform
Circular Motion in the plane

F(t) =costl+ sint 1
- -

n

x(t) y(t)

problem:Show a(t) +
F (t)

Soln:F( =F '(t) = -sint+cost j1
-

(t) =F "
(t) =-costs-sin(t)]

· a(t) = - F(t)
->

· a(t).F (t) =Ecost,-sint)(itcost
=costsint - sint cost = 0

at= Pl



⑲fure %
If
>

⑤

10 F(t) =( sint,
cost

I
↑

post,sint)

·

sintfrit:arest -- isin
>X

- f cost

⑥

~ I

· Conclude: If a force field
creates uniform circular motion,

F =ma =mr "(t)
⑨

then the force isa velocity.
... and points opposite the position

a(t) = - f(t)



⑥ In articular: The earth %

moves in (approximate) circular
orbit around the sun our

so this must be (approximate)
true for the earth-

This is what gave
Newton

the idea that if he
defined

E =ma, then he could explain

why the earth was moving
around the sun- his new

theory (1687) was that
the

sun was "pulling"on the earth
⑨

④

witha "gravitational force".



· Newton Gravitational Force: ⑦

E =ma =

- fMMe
mo

magnitude of ~sorco
force pOSLOV
r =11711

E =Newtons constant

Ms =mass
of sun

of earthMe =mass

We've just shown the theory
works for uniform circular.
motion - Newton then showed of

works for elliptical orbits & Keplers
Laws

r



·Another Basic Example:Helix

F(t) =cost = + sinti +tm
m m

x(t) y(t) ZLt)

z

A

ohis."
>X

I

cost+ sinti =point on unit circle

zi =height



Problem:F(t) =cost it sint+th

Find - and

Station:

F =v'(t) =-sint + costs+
a =F "

(t) =- costi-sint]
- 11

Eg. "zero acceleration in z-component
z et tangentto helix
A

a(t) =

-45,sint)

Do points
toward

I center in

xy-plane

>X



· Emeral Torem:If ɩ

F(t =x (t)Iy (t) 0 Z(t)

then ECt pointstent to
the curve, and

(IV(t) 1 =(t)Fy')(+)=dsdt
is the seed.

poof:Start with the definition:
Vector vector

S
=

-

FIHsImsoNEthiCH-FF
scalar



&

↓

ꋷ

FIt) =ImtiFCH) = FF
L

Geometrically it
-F =F(t ++t) - F (t)

is clear that in I

F(t) ↑

the limit t-0,
r(t+Δt)

F'(t) will be

tangent to the cure at ECD.

Recall vector addition
->

I B
A+B =I A

-> *
-I - z =B 2



· To get the speed - Notethat

as alength of or=1E11

So-As.Irl =spedt

↓F
I

F(t) ↑

r(t+Δt)
this-

speed dist =lim st
=

Δt->0Δt

=Im lE1 =limse
=11F'(t) /



· Atechnical point - ꋹ

Recall we defined the velocity
as v(t =x (t) 1 +y'(H) 1 + z(Hk

①Is it true that also

V(t) =imSe?
Ans:Yes? Here's a profoo.

We need to show

↓im ar =x((t) z +y(t) i +z'tsee



To see this write... ꋺ

SF =
rht)-r(t)

St

mushani mermaixTAGINALIANTEatth
=

At

I
=
ImuiXCHIttA-GHAH-zCRe

Ot
↑

-
-x(t) +y)-yCty +EAGA

Δ t At -
↳

amamen mmon
me

x'(t) y(t) z(t)

=X'(t) z +y (t) i +a(t)



· Example: Abead moves a longꋻ
a helix with position vector

F(t =2 (CoSStI +sinst]) +5t

(assume length in meters m
and time in seconds)



ꋼ

⑨ At what speed does it more?

Soln: ds=1dX =NVH

F(H =F (t) =6sinstz+ 6c0st]+5

(IV(t))) =rit)+(10sst)+52

=Nist+3618535 +25

= + 25
=vT

↑

dimensions⑨
= 7.81

ofvelocity



⑤ Find the unit tangent ꋽ

vector at time to

In:To get the unit vector

in direction of r =az +bi +ch

divide by length:
at +bi +ch

F =F=c
- bi +c

= -
i + - -

vb"+c ~ robicrbic

check:1/T1=11,711) =1 (*11 =1



As,we have helix ꋾ

F(t =2 (CoSStI +sinst]) +5t
with

V(t) = - 6sinst] + 6c0sst]+ 5k

11V11 =11

50:

F(t) =E(tp =te
=
- Ginst+ocosst-e

=)st,Jost /



· EX F(t) =cOSt 1 +12 tech se ⑲
x(t)

ds y(t)
2(t)

Find the speed dt

Soln:F(t) =-sint 1 +2ti
+e

+

1
-

~

d =1f(t)) =4"+-



· Arclength - ꌀ

Find the length of the helix

F(t) =cost + Sint 1+8t

between t = 1 and t =10.

sin.d= 1/V(t// SO ds =1If LANdt

v(t) =- sintz
+costs +8

Length =Yas =(18(t)1ldt
t=f I

UV (t) I =π+(05t +5 =1 =3

Length =53dt =35], =30 -3=π
↓


